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A LIFT OF THE SEIBERG–WITTEN EQUATIONS TO
KALUZA–KLEIN 5-MANIFOLDS
M. J. D. HAMILTON
ABSTRACT. We consider Riemannian 4-manifolds X with a Spinc-structure
and a suitable circle bundle Y over X such that the Spinc-structure on X lifts
to a spin structure on Y . With respect to these structures a spinor on X lifts to
an untwisted spinor on Y and a U(1)-gauge field for the Spinc-structure can be
absorbed in a Kaluza–Klein metric on Y . We show that irreducible solutions
to the Seiberg–Witten equations on X are equivalent to solutions of a Dirac
equation for the spinor on Y with a cubic non-linearity.
1. INTRODUCTION
Suppose that M is a 4-manifold with a Lorentz metric gM and an electromag-
netic gauge field, i.e. a 1-formA ∈ Ω1(M). The original Kaluza–Klein ansatz [21],
[22] is to consider the 5-manifold Y =M×S1 and combine gM andA to a Lorentz
metric gY on Y which is invariant under the circle action. The 5-dimensional vac-
uum Einstein field equations for gY (i.e. vanishing of the Ricci tensor) then imply
the 4-dimensional Einstein field equations for gM with electromagnetic source and
the Maxwell equation for A.
Let (X, gX ) be a smooth, closed, oriented, Riemannian 4-manifold. We choose
a Spinc-structure scX on X with associated spinor bundle S
c
X and determinant line
bundle L. Locally the spinor bundle ScX is a tensor product of a standard spinor
bundle and a square root L
1
2 , i.e. a twisted spinor bundle. SinceX is not necessarily
spin, the standard spinor bundle and the square root may not exist globally on X.
However, Spinc-structures always exist on closed, oriented 4-manifolds.
The Seiberg–Witten equations [33], [34], [35] are partial differential equations
for a pair (A,φ), consisting of a Hermitian connection A on L and a positive Weyl
spinor φ ∈ Γ(Sc+X ). These equations can be used to define the Seiberg–Witten
invariants of X, which have numerous applications to the differential geometry,
symplectic geometry and topology of 4-manifolds.
Let π : Y → X be the principal circle bundle with Euler class e. We consider
two cases:
• If X is non-spin, we choose e = c1(L) and a connection A on L. We also
setm = −12 .
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• If X is spin, let L 12 be the square root of L determined by a spin structure.
We then choose e = c1(L
1
2 ) and a connection A on L
1
2 , which induces a
connection A′ on L. We setm = −1.
For this choice of Euler class e the Spinc-structure scX on X lifts to a canonical
spin structure sY on Y . For the associated spinor bundles, every spinor φ ∈ Γ(ScX)
has a canonical lift to an untwisted spinor ψ = Q(φ) ∈ Γ(SY ).
We can think of the connection A as a U(1)-connection A ∈ Ω1(Y, iR) on the
principal bundle Y and define the Kaluza–Klein metric
gY = π
∗gX −A⊗A
on Y .
Theorem 1.1. We consider the Seiberg–Witten equations on X:
DXA φ = 0
F+A = σ(φ, φ).
Let φ ∈ Γ(Sc+X ) be a positive Weyl spinor onX and ψ = Q(φ) ∈ Γ(SY ) the lift to
Y . If (A,φ) (in the non-spin case) or (A′, φ) (in the spin case) is a solution to the
Seiberg–Witten equations, then
DY ψ = − 1
16m
|ψ|2ψ +mψ. (1.1)
HereDY is the Dirac operator on SY for the Riemannian metric gY . If φ does not
vanish identically on X, then also the converse follows in both cases, i.e. if equa-
tion (1.1) holds, then (A,φ) or (A′, φ), respectively, is a solution to the Seiberg–
Witten equations.
Theorem 1.1 is a special case of the more general Theorem 7.5.
Remark 1.2. Solutions (A,φ) to the Seiberg–Witten equations with φ not identi-
cally zero are called irreducible. The statement of the theorem implies that irre-
ducible solutions of the Seiberg–Witten equations onX are equivalent to solutions
of equation (1.1) on the Kaluza–Klein circle bundle Y .
Reducible solutions (A, 0) to the Seiberg–Witten equations are given by con-
nections A so that
F+A = 0.
The trivial spinor ψ ≡ 0 is of course a solution to equation (1.1), without a condi-
tion on A.
The pullback of a Spinc-structure scX to a spin structure sY on the circle bundle
Y → X defined by scX has been discussed in [28]. The proof of Theorem 1.1 and
Theorem 7.5 depends on a calculation in [3] of the Dirac operator DY on lifted
spinors ψ = Q(φ), see Corollary 6.7. The implication in the case φ 6≡ 0 from
equation (1.1) to the Seiberg–Witten equations follows from a theorem in [6] on
the zero set of harmonic spinors for generalized Dirac operators.
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Both Seiberg–Witten equations on X combine to a single equation on Y , be-
cause the Dirac operator DY maps the lift of a positive Weyl spinor to the lift of a
mixed spinor. Similarly the map (with Clifford multiplication in the second entry)
f : Γ(Sc+X ) −→ Γ(Sc−X )⊕ Γ(Sc+X )
φ 7−→ (DXA φ, (F+A − σ(φ, φ)) · φ) ,
has mixed image. Equation (1.1) is a lift of the equation f(φ) = 0.
Note that the quadratic non-linearity σ(φ, φ) in the Seiberg–Witten equations
becomes the non-linearity |ψ|2.
Remark 1.3. The Seiberg–Witten equations on X are equations for the pair (A,φ)
and the Riemannian metric gX is usually considered a parameter. The lifted equa-
tion (1.1) on Y is an equation for the spinor ψ. The connection A has been absorbed
into the parameter gY . (For a given metric gX , the Kaluza–Klein construction is an
embedding of the space of connections on Y into the space of Riemannian metrics
on Y , because a connection 1-form is determined by an Ehresmann connection,
which in the Kaluza–Klein case is given by the orthogonal complement of the tan-
gent space to the circle fibres.)
Recall that the Seiberg–Witten equations are gauge invariant: Every smooth
function h : X → S1 defines a gauge transformation (bundle automorphism)
uh : Y −→ Y
y 7−→ y · h(π(y)).
Writing
dθh = π
∗h∗dθ = π∗(h−1 · dh) ∈ Ω1(Y,R)
with the standard volume form dθ on S1, the action of gauge transformations on
connections A ∈ Ω1(Y, iR) is given by
u∗hA = A+ idθh.
The Seiberg–Witten equations are invariant under the following gauge transforma-
tions1 for any smooth function h : X → S1:
A 7→ Ah = u∗h2A = A+ idθh2
φ 7→ φh = h−1 · φ.
Gauge transformations act as diffeomorphisms on the space of Riemannian metrics
on Y and map Kaluza–Klein metrics to Kaluza–Klein metrics: The metric gY
changes to
ghY = u
∗
h2gY = π
∗gX −Ah ⊗Ah.
For a suitable identification of the spinor bundle SY the Dirac operator changes to
DY h and the spinor to ψh ∈ Γ(SY ).
1The action of h−1 on φ but h2 on A can be explained by the formula ScX = SX ⊗ L
1
2 with the
spinor bundle SX of a spin structure, that exists at least locally.
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Gauge invariance of the Seiberg–Witten equations means that if (A,φ) is a so-
lution to the equations, then (Ah, φh) is also a solution. Theorem 1.1 implies that
ψh is a solution to equation (1.1) if DY is replaced by DY h.
Remark 1.4. The invariance of the Seiberg–Witten equations under charge conju-
gation is discussed in Section 8.
Remark 1.5. Equation (1.1) makes sense for spinors ψ ∈ Γ(SY ) on any spin Rie-
mannian 5-manifold (Y, gY ). Solutions of an equation of type
DY ψ = −λ|ψ|2ψ +mψ,
with constants λ,m ∈ R, on a Riemannian spin manifold (Y, gY ) arise as critical
points of the functional (see [20])
S[ψ] =
∫
Y
L[ψ] dvolgY
for the quartic Lagrangian
L[ψ] = 〈ψ,DY ψ〉 −m|ψ|2 + 1
2
λ|ψ|4.
This Lagrangian is related to the four-fermion interaction studied in the 2-dimensional
Gross–Neveu model [18].
In Section 9 we consider the special case where (X, gX ) is a Ka¨hler–Einstein
surface. There are canonical Spinc-structures on X with determinant line bundles
K and K−1, defined by the complex structure J . The (perturbed) Seiberg–Witten
equations for both Spinc-structures have canonical solutions (A0, φ0) with |φ0| ≡
const.
We show that (Y, gY ) (for a suitably rescaled length of the S
1-fibres) is a Sasaki
η-Einstein manifold and the spinors φ0 lift to eigenspinors ψ of the Dirac operator
DY . In the special case that the Einstein constant of gX is equal to 6, the manifold
(Y, gY ) is Sasaki–Einstein and the spinors ψ are Killing spinors.
Remark 1.6. Other generalizations of the Seiberg–Witten equations to 5-manifolds
can be found in [11], [23], [30].
Convention. In the following all manifolds are smooth, connected and oriented.
2. KALUZA–KLEIN CIRCLE BUNDLES
Let (X4, gX ) be a closed, oriented, Riemannian 4-manifold and
π : Y 5 −→ X4
the oriented S1-bundle with Euler class e ∈ H2(X;Z). The bundle Y is a principal
bundle with group action Y × S1 → Y . We denote by K the vector field on Y
along the fibres, given by the infinitesimal action of a fixed element in the Lie
algebra u(1) of S1, normalized such that the flow of K has period 2π.
The manifold X can be considered as the quotient Y/S1 under the free circle
action. We define a Riemannian metric gY on Y with the following Kaluza–Klein
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ansatz [9]: Let A ∈ Ω1(Y, iR) be a U(1)-connection on the principal bundle Y →
X. Then A is invariant under the circle action,
LKA = 0
and can be normalized such that
A(K) ≡ i.
The curvature 2-form FA ∈ Ω2(X, iR) satisfies
π∗FA = dA.
Definition 2.1. The Riemannian metric
gY = π
∗gX −A⊗A
is called the Kaluza–Klein metric on Y .
The metric gY has the following properties:
• The horizontal bundle H = kerA is orthogonal to the circle fibres.
• gY |H = π∗gX .
• gY (K,K) = 1, i.e. the circle fibres have length 2π.
• K is a Killing vector field for gY , i.e. LKgY = 0.
The Kaluza–Klein metric gY on Y is completely characterized by these properties.
Let L→ X be the complex line bundle with c1(L) = e. We can define L as the
complex line bundle associated to Y via the standard representation of S1 on C.
Then L has a Hermitian metric and Y can be thought of as the unit circle bundle in
L. The connection A on Y induces a connection (covariant derivative) on L, also
denoted by A.
Lemma 2.2. The pullback π∗L → Y is a trivial complex line bundle which has a
preferred, tautological trivialization.
Proof. The pullback π∗Y is a principal S1-bundle over Y with total space given
by
π∗Y = {(y, z) ∈ Y × Y | π(y) = π(z)}
and projection onto the first factor. A tautological section is
Y −→ π∗Y
y 7−→ (y, y),
which yields the trivialization
Y × S1 −→ π∗Y
(y, eit) 7−→ (y, yeit)
of π∗Y and thus of π∗L. 
Remark 2.3. The trivial principal bundle pr: Y × S1 → Y has a canonical flat
U(1)-connection A0, so that the horizontal subspaces are tangent to the Y -fibres.
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This induces a canonical flat connection A0 on π
∗L = C. With respect to the tauto-
logical trivialization, a section σ : Y → π∗L is given by a smooth map f : Y → C
and
∇YA0σ = df.
Lemma 2.2 implies that the pullback π∗L⊗n for every n ∈ Z has a tautological
trivialization. The bundles L⊗n are the only complex line bundles on X (up to
isomorphism) whose pullback to Y is trivial:
Lemma 2.4. The kernel of
π∗ : H2(X;Z) −→ H2(Y ;Z)
is Ze.
Proof. This is a consequence of the following part of the Gysin sequence:
H0(X;Z)
∪e−→ H2(X;Z) pi∗−→ H2(Y ;Z).

Remark 2.5. The connection A on L induces a connection A⊗n on L⊗n and un-
der the identification π∗L⊗n = C the canonical flat connection A0 is defined on
π∗L⊗n. There is a canonical pullback on sections
π∗ : Γ(X,L⊗n) −→ Γ(Y,C).
The connections A⊗n and A0 are related via π
∗ and π∗ : TY → TX (the relation
involves a sign, cf. [28, Lemma 3.2]).
3. SPIN AND Spinc-STRUCTURES ON MANIFOLDS
We collect some general background on spin and Spinc-structures (more details
can be found, for example, in [14], [26], [27]). Let n ≥ 3 and (M,gM ) be an
oriented Riemannian manifold of dimension n.
3.1. Spin structures. For n ≥ 3 the Lie group SO(n) has fundamental group Z2.
The simply connected covering Spin(n) is a Lie group and the 2-to-1 covering
λ : Spin(n) −→ SO(n)
is a Lie group homomorphism. The kernel of λ is Z2 ∼= {±1} and we can write
Spin(n)/Z2 ∼= SO(n).
With respect to the Riemannian metric gM the set of oriented orthonormal frames
in TM forms a principal bundle PSO(M) overM with action
PSO(M)× SO(n) −→ PSO(M).
A spin structure onM is a principal bundle
PSpin(M)× Spin(n) −→ PSpin(M)
overM together with a smooth map s : PSpin(M)→ PSO(M), so that the actions
of Spin(n) and SO(n), the homomorphism λ and the projections to M are all
compatible.
A LIFT OF THE SEIBERG–WITTEN EQUATIONS TO KALUZA–KLEIN 5-MANIFOLDS 7
A spin structure onM exists if and only if
w2(M) = 0,
where w2(M) = w2(TM) ∈ H2(M ;Z2) is the second Stiefel-Whitney class of
TM . Locally (e.g. over open balls in M ) spin structures always exist. Globally
this may not be the case (if TM is a non-trivial vector bundle).
The (Dirac) spinor representation κn is a special unitary representation of the
Lie group Spin(n) on a complex vector space ∆n. Together with the principal
bundle PSpin(M) of a spin structure s we get an associated complex vector bundle
SM , called the (Dirac) spinor bundle. There is a Clifford multiplication
TM × SM −→ SM
(V, ψ) 7−→ γ(V )ψ = V · ψ,
which extends to all differential forms on M . The Levi–Civita connection of
the Riemannian metric gM defines a principal connection on PSpin(M), because
λ∗ : spin(n) ∼= so(n), and a covariant derivative ∇M on SM . The covariant deriv-
ative together with the Clifford multiplication define the Dirac operator
DM : Γ(SM ) −→ Γ(SM ),
a first order linear differential operator.
3.2. Spinc-structures. We define
Spinc(n) = (Spin(n)×U(1))/Z2,
where the non-trivial element in Z2 acts as (−1,−1). There are Lie group homo-
morphisms
ρ : Spinc(n) −→ SO(n)
[A, z] 7−→ λ(A)
and
χ : Spinc(n) −→ U(1)
[A, z] 7−→ z2.
A Spinc-structure onM is a principal bundle
PSpinc(M)× Spinc(n) −→ PSpinc(M)
overM together with a smooth map sc : PSpinc(M)→ PSO(M), so that the actions
of Spinc(n) and SO(n), the homomorphism ρ and the projections to M are all
compatible.
For a Spinc-structure sc the representation χ defines a complex line bundle L on
M , called the characteristic line bundle or (in dimension n = 4) the determinant
line bundle2 of the Spinc-structure. We have
w2(M) ≡ c1(L) mod 2.
2In the case n = 4 the complex line bundle L is the determinant of the Weyl spinor bundles.
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Suppose that sc is a Spinc-structure. We can twist sc with a principal U(1)-bundle
E to get a Spinc-structure sc ⊗E. Every other Spinc-structure sc′ can be obtained
in this way (up to isomorphism) from sc with a unique E. The characteristic line
bundles are related by L′ ∼= L ⊗ E⊗2, where E is thought of as a complex line
bundle.
The spinor representation κn of Spin(n) together with the standard representa-
tion of U(1) define the unitary (Dirac) spinor representation κcn of Spin
c(n) on the
complex vector space ∆n. The Spin
c-structure sc then yields an associated com-
plex spinor bundle ScM with a Clifford multiplication. The Levi–Civita connection
of the Riemannian metric gM together with the choice of a Hermitian connection
A on L define a covariant derivative ∇MA on ScM . The covariant derivative together
with the Clifford multiplication define the Dirac operator
DMA : Γ(S
c
M ) −→ Γ(ScM ).
A fundamental fact is the following:
Proposition 3.1. Every oriented 4-manifoldM admits a Spinc-structure.
A proof can be found, e.g. in [17] or [27].
3.3. Relation between spin and Spinc-structures.
Proposition 3.2. Let s be a spin structure on M . Then s determines a canonical
Spinc-structure sc0 onM with trivial characteristic line bundle.
Proof. We consider the homomorphism
µ : Spin(n) −→ Spinc(n)
A 7−→ [A, 1].
The associated fibre bundle
PSpinc(M) = PSpin(M)×µ Spinc(n)
defines a Spinc-structure sc0. Since the composition χ ◦ µ is the trivial homomor-
phism to U(1), the characteristic line bundle of sc0 is trivial. 
Remark 3.3. Let s be a spin structure and sc0 the associated Spin
c-structure with
trivial characteristic line bundle. Every other Spinc-structure sc with characteristic
line bundle L is of the form sc ∼= sc0⊗E for a unique complex line bundle E, hence
L ∼= E⊗2. The spin structure s thus defines via sc0 a unique square root E = L 12
for the characteristic line bundle of every Spinc-structure sc, so that sc ∼= sc0⊗L 12 .
Conversely, we have:
Proposition 3.4. Let sc be Spinc-structure on M with trivial characteristic line
bundle L. Then sc induces a (possibly not canonical) spin structure s onM .
Proof (Sketch). The first Chern class c1(L) is the obstruction that the Spin
c-structure
lifts to a spin structure under the homomorphism µ. A lift exists if and only if
c1(L) = 0, i.e. if L is trivial. Such a lift can be constructed from a trivialization of
L overM . 
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3.4. Classification of spin and Spinc-structures. If M is a spin manifold, then
after choosing a reference spin structure, the set of all spin structures up to equiva-
lence is bijective toH1(M ;Z2).
Suppose that M admits a Spinc-structure. After choosing a reference Spinc-
structure sc, every other Spinc-structure can be obtained as sc ⊗ E with a unique
U(1)-bundle E. Hence the set of all Spinc-structures up to equivalence is bijective
toH2(M ;Z).
The classification of spin and Spinc-structures are related: Suppose that sc in-
duces a spin structure, i.e. c1(L) = 0. Then s
c′ = sc ⊗ E induces a spin structure
if and only if 2c1(E) = 0. Consider the following part
H1(M ;Z)
mod 2−→ H1(M ;Z2) β−→ H2(M ;Z) ·2−→ H2(M ;Z)
of the Bockstein sequence for
0 −→ Z ·2−→ Z mod 2−→ Z2 −→ 0.
It follows that 2c1(E) = 0 if and only if c1(E) is in the image of the injection
β : H1(M ;Z2)/(H
1(M ;Z) mod 2) →֒ H2(M ;Z).
The groupH1(M ;Z2) describes the set of spin structures and the groupH
1(M ;Z)
the set of different trivializations of a trivial complex line bundle. This shows
that the non-uniqueness in Proposition 3.4 is related to the existence of different
trivializations of the trivial characteristic line bundle L.
4. SPIN AND Spinc-STRUCTURES ON KALUZA–KLEIN CIRCLE BUNDLES
We continue with the setup from Section 2. General arguments in [3], [8], [28]
show (see also [2], [31], [32]):
Proposition 4.1. Let Y 5 → X4 be the principal circle bundle with Euler class e
and Kaluza–Klein metric.
(1) Every spin structure sX onX lifts canonically to a spin structure sY on Y .
(2) Every Spinc-structure scX onX lifts canonically to a Spin
c-structure scY on
Y . The characteristic line bundle of scY is the pullback of the characteristic
line bundle of scX .
We are interested in the situation where the Euler class e is determined by the
characteristic line bundle of a Spinc-structure scX on X:
Proposition 4.2 (cf. [28]). Let scX be a Spin
c-structure on X with characteristic
line bundle L and Y → X the principal circle bundle with Euler class e = c1(L).
Let scY be the canonical lift of s
c
X . The characteristic line bundle π
∗L of scY has
a tautological trivialization, hence scY defines a canonical spin structure sY on Y .
The Spinc-structures scX ⊗ L⊗n, for n ∈ Z, all lift to the same spin structure sY .
Proof. This follows from Lemma 2.2, Lemma 2.4, Proposition 3.4 and Proposition
4.1. 
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Remark 4.3 (see [19]). For an arbitrary circle bundle Y → X with Euler class e,
the Whitney sum formula applied to the decomposition TY = π∗TX ⊕ R, where
R is the trivial vertical line bundle, shows that
w2(Y ) = π
∗w2(X).
The Z2-Gysin sequence implies that the kernel of π
∗ on H2(X;Z2) is equal to
{0, e mod 2}. In our case
e = c1(L) ≡ w2(X) mod 2,
hence Y is spin. Proposition 4.2 defines an explicit spin structure sY on Y .
Remark 4.4. Note the following subtlety: Suppose that X is spin with spin struc-
ture sX and s
c
X is a Spin
c-structure on X with characteristic line bundle L. There
is a unique square root L
1
2 , so that
scX
∼= sc0X ⊗ L
1
2 .
Let Y → X be the circle bundle with Euler class e = c1(L). Then we can lift sX
to a spin structure sY and s
c
X to a spin structure s
′
Y on Y . However, it is not always
true that sY and s
′
Y are the same spin structure.
One reason is that the bundle L
1
2 lifts to the trivial complex line bundle on Y if
and only if
L
1
2 ∼= L⊗l
for some l ∈ Z, i.e. c1(L 12 ) has to have odd torsion,
(2l − 1)c1(L
1
2 ) = 0.
Even then a trivialization of π∗L
1
2 may not be canonical. Another reason is that
the lifts of both sc0X and s
c
X have trivial determinant line bundles on Y , but these
bundles are trivialized differently: sY is obtained by pulling back the trivial deter-
minant line bundle of the spin structure sX onX whereas s
′
Y is obtained by pulling
back the determinant line bundle L of scX , which becomes trivial on Y and is then
trivialized tautologically.
This problem is related to the question whether the spin structure s′Y is pro-
jectable or not.
4.1. Projectable and non-projectable spin structures. Suppose that sY is an ar-
bitrary spin structure on Y . We want to discuss whether it descends to a spin struc-
ture on X. This depends on whether the S1-action on PSO(Y ) lifts to PSpin(Y )
(cf. [4], [8]): We denote the isometric action of S1 on Y by
Φ: Y × S1 −→ Y
(y, eit) 7→ yeit.
The induced action of S1 on PSO(Y ) defines a smooth family of diffeomorphisms
α : PSO(Y )× [0, 2π] −→ PSO(Y )
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that lifts to a smooth family of diffeomorphisms
α˜ : PSpin(Y )× [0, 2π] −→ PSpin(Y )
because the manifold PSpin(Y ) is a double covering of PSO(Y ). We have α0 = Id
and specify the lift α˜ uniquely by α˜0 = Id. Since α2pi = Id and the bundles are
connected manifolds there are two possibilities:
• α˜2pi = Id: the S1-action then lifts to PSpin(Y ) and the spin structure sY is
called projectable (or even). It descends to a spin structure sX on X. The
lift of sX as a spin structure is sY .
• α˜2pi is multiplication with −1 ∈ Spin(5) in each fibre: the S1-action then
does not lift to PSpin(Y ) and the spin structure sY is called non-projectable
(odd). It does not descend to a spin structure onX.
Remark 4.5. Note that in both cases the (non-free) action
Φˆ : Y × S1 −→ Y
(y, eit) 7−→ ye2it
does lift to PSpin(Y ).
Remark 4.6. In the situation of Remark 4.4 the spin structure sY is projectable, but
s′Y may be non-projectable.
Example 4.7 (cf. [32]). We consider the manifold S1 with the S1-action
Φ: S1 × S1 −→ S1
(z, eit) 7−→ zeit.
There are two spin structures on S1 corresponding to H1(S1;Z2) = Z2: We have
SO(1) = {1} and
Spin(1) = Z2 = {±1} ⊂ Cl(1) = R1⊕ Ri = C
(the spin group in dimension 1 is not connected). The frame bundle SO(S1) =
S1 × {1} is trivialized by the unit tangent vector K . A spin structure on S1 is a
double covering
s : Spin(S1) −→ S1 × {1}.
There are two cases:
• The trivial covering Spin(S1) = S1 × Z2. The action Φ lifts to an action
on Spin(S1).
• The non-trivial covering: The action Φ does not lift.
The non-trivial covering is distinguished by the fact that it extends to a spin struc-
ture on D2: note that Spin(2) → SO(2) is the non-trivial double covering. The
unique spin structure on D2 is the trivial one:
Spin(D2) = D2 × Spin(2) −→ D2 × SO(2) = SO(D2).
On the boundary S1 the vector fieldK and an outward normal define an embedding
SO(S1) ⊂ SO(D2)|S1 ,
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and the preimage in Spin(D2)|S1 defines a spin structure on S1. This is the non-
trivial spin structure.
Remark 4.8 (cf. [32]). For the circle bundle Y 5 → X4 let Z6 be the associated
unit disk bundle, so that Y 5 = ∂Z6:
• projectable spin structures on Y restrict to the trivial spin structure on the
S1-fibres. They are pullbacks of spin structures onX, but do not extend to
Z .
• non-projectable spin structures on Y restrict to the non-trivial spin struc-
ture on the S1-fibres. They do not descend toX, but they are the restriction
of spin structures on Z .
To circumvent the discussion of non-projectable spin structures we use the follow-
ing refinement of Proposition 4.2.
Theorem 4.9 (Construction of the circle bundle Y → X). Let scX be a Spinc-
structure on X with determinant line bundle L.
• If X is non-spin, let π : Y → X the principal circle bundle with Euler
class e = c1(L) and Kaluza–Klein metric. Then the Spin
c-structures
scX ⊗ L⊗n, for n ∈ Z,
with determinant line bundle
L⊗(2n+1) = L⊗2q, q = n+
1
2
,
all lift canonically to the same spin structure sY on Y . The spin structure
sY is non-projectable.
• IfX is spin and sX a spin structure, let L 12 the square root of L determined
by sX . Let π : Y → X be the principal circle bundle with Euler class
e = c1(L
1
2 ) and Kaluza–Klein metric. Then sX lifts to a spin structure sY .
The Spinc-structures
scX ⊗ L
1
2
⊗n, for n ∈ Z,
with determinant line bundle
L⊗(n+1) = L⊗q, q = n+ 1,
all lift canonically to the same spin structure sY on Y . The spin structure
sY projects to sX .
Remark 4.10. In the first case the S1-action on Y lifts to the Spinc-structure scY .
The number q ∈ Z+ 12 (if X non-spin) and q ∈ Z (if X spin) can be thought of as
the U(1)-charge of the Spinc-structure (cf. [35]).
Remark 4.11. In the case that X is spin the circle bundle Y is a 2-fold covering of
the circle bundle with Euler class c1(L).
A LIFT OF THE SEIBERG–WITTEN EQUATIONS TO KALUZA–KLEIN 5-MANIFOLDS 13
5. SPINORS ON KALUZA–KLEIN CIRCLE BUNDLES
Let (X4, gX) be a closed, oriented, Riemannian 4-manifold with Spin
c-structure
scX and Y → X the principal circle bundle with Kaluza–Klein metric gY and
canonically induced spin structure sY given by Theorem 4.9.
The Dirac spinor representation spaces ∆4 and ∆5 are both isomorphic to C
4
and we get the Dirac spinor bundles
ScX = PSpinc(X)×κc4 C4
SY = PSpin(Y )×κ5 C4.
If X is spin with spin structure sX , there is also the spinor bundle
SX = PSpin(X)×κ4 C4.
Since the spinor representations are unitary, the spinor bundles carry Hermitian
bundle metrics.
The representation of Spinc(4) onC4 preserves a splitting C4 = C2⊕C2, hence
we get a decomposition
ScX = S
c+
X ⊕ Sc−X
into positive and negative (Weyl) spinor bundles of complex rank 2. Clifford multi-
plication with a tangent vector in TX maps Sc±X to S
c∓
X . There is a similar decom-
position in the case of a spin structure sX . The covariant derivative ∇XA preserves
the subbundles Sc±X , hence the Dirac operator maps
DXA : Γ(S
c±
X ) −→ Γ(Sc∓X ).
The construction of the lift sY implies that we can identify (see [28])
SY ∼= π∗ScX
and thus lift spinors from X to Y :
π∗ : Γ(ScX) −→ Γ(SY )
φ 7−→ π∗φ.
Let dvolgX denote the canonical volume form of the oriented, Riemannian 4-
manifold (X, gX).
Lemma 5.1. Clifford multiplication on the spinor bundles is related by
V ∗ · π∗φ = π∗(V · φ)
K · π∗φ = π∗(idvolgX · φ),
for all φ ∈ Γ(ScX), where V ∗ ∈ TY is the horizontal lift (with respect to the metric
gY ) of a tangent vector V ∈ TX and K is the vertical unit vector field along the
S1-fibres.
Remark 5.2. Note that Clifford multiplication satisfies
dvolgX · V · φ = −V · dvolgX · φ
dvolgX · dvolgX · φ = φ, ∀V ∈ TX, φ ∈ Γ(ScX).
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We want to determine the image of π∗ in Γ(SY ), i.e. the spinors on Y that come
from spinors on X. We distinguish between the cases that X is spin or non-spin
(we follow the exposition in [3]; see also [1], [2], [31]).
5.1. X is spin. The spin structure sY is projectable, hence
Φ: Y × S1 −→ Y
(y, eit) 7−→ yeit
lifts to an action on PSpin(Y ) and defines an action
κ : SY × S1 −→ SY ,
which induces a representation of S1 on L2(SY ). The vector field given by the
infinitesimal action of Φ is K and we can define a Lie derivative on spinors ψ ∈
Γ(SY ) by
(LKψ)y =
d
dt
∣∣∣∣
t=0
κ(ψyeit , e
−it) ∀y ∈ Y,
which corresponds to the differential of the representation of S1 on L2(SY ). It
follows that there is a decomposition
L2(SY ) =
⊕
k∈Z
Vk,
where Vk ⊂ L2(SY ) is the eigenspace of LK for the eigenvalue ik. A spinor
ψ ∈ Γ(SY ) is an element of Vk, i.e.
LKψ = ikψ,
if and only if
κ(ψy , e
it) = eikψyeit ∀y ∈ Y, t ∈ R.
Note that
SX ∼= ScX ⊗ L−
1
2 .
A construction in [3] shows:
Proposition 5.3. Suppose that X is spin and the circle bundle Y → X chosen as
in Theorem 4.9. Let n ∈ Z and q = n + 1. Then there exists a canonical bundle
map
Π−q : SY −→ ScX ⊗ L
1
2
⊗n
that covers the projection π : Y → X and is fibrewise an isomorphism. It induces
an isomorphism of Hilbert spaces
Q−q : L
2(ScX ⊗ L
1
2
⊗n) −→ V−q ⊂ L2(SY ),
so that the following diagram commutes for each spinor φ ∈ Γ(ScX ⊗ L⊗
1
2
n):
Y SY
X ScX ⊗ L⊗
1
2
n
Q−q(φ)
pi Π−q
φ
A LIFT OF THE SEIBERG–WITTEN EQUATIONS TO KALUZA–KLEIN 5-MANIFOLDS 15
The map Q−q commutes with Clifford multiplication:
Q−q(V · φ) = V ∗ ·Q−q(φ), ∀φ ∈ Γ(ScX ⊗ L
1
2
⊗n)
for all V ∈ X(X) with horizontal lift V ∗ ∈ X(Y ).
In particular, there are isomorphisms
Q0 : L
2(SX) −→ V0 ⊂ L2(SY ).
and
Q−1 : L
2(ScX) −→ V−1 ⊂ L2(SY ).
It follows that a spinor φ ∈ Γ(SX) lifts to a spinor ψ = π∗φ ∈ Γ(SY ) with
LKψ = 0
and a spinor φ ∈ Γ(ScX) lifts to a spinor ψ = π∗φ ∈ Γ(SY ) with
LKψ = −iψ.
5.2. X is non-spin. The spin structure sY is non-projectable. In this case the
action S1-action on Y only lifts to a family of diffeomorphisms α˜t on PSpin(Y )
and thus to a family of maps
κ˜ : SY × [0, 2π] −→ SY
with
κ˜0 = IdSY
κ˜2pi = −IdSY .
We can still define a Lie derivative on spinors ψ ∈ Γ(SY ) by
(LKψ)y =
d
dt
∣∣∣∣
t=0
κ˜(ψyeit ,−t) ∀y ∈ Y.
According to Remark 4.5 the operator L2K comes from a representation of S
1 on
L2(SY ), but LK does not, hence the eigenvalues of L2K must be odd, i.e.
L2(SY ) =
⊕
k∈Z
Vk+ 1
2
,
where Vk+ 1
2
is the eigenspace of LK with eigenvalue i(k +
1
2).
Proposition 5.4. Suppose thatX is non-spin and the circle bundle Y → X chosen
as in Theorem 4.9. Let n ∈ Z and q = n+ 12 . Then there exists a canonical bundle
map
Π−q : SY −→ ScX ⊗ L⊗n
that covers the projection π : Y → X and is fibrewise an isomorphism. It induces
an isomorphism of Hilbert spaces
Q−q : L
2(ScX ⊗ L⊗n) −→ V−q ⊂ L2(SY ),
16 M. J. D. HAMILTON
so that the following diagram commutes for each spinor φ ∈ Γ(ScX ⊗ L⊗n):
Y SY
X ScX ⊗ L⊗n
Q−q(φ)
pi Π−q
φ
The map Q−q commutes with Clifford multiplication:
Q−q(V · φ) = V ∗ ·Q−q(φ), ∀φ ∈ Γ(ScX ⊗ L⊗n),
for all V ∈ X(X) with horizontal lift V ∗ ∈ X(Y ).
In particular, there is an isomorphism
Q− 1
2
: L2(ScX) −→ V− 1
2
⊂ L2(SY ).
It follows that a spinor φ ∈ Γ(ScX) lifts to a spinor ψ = π∗φ ∈ Γ(SY ) with
LKψ = −12 iψ.
Remark 5.5. Note that by Theorem 4.9 in the non-spin case the Spinc-structures
scX ⊗ L⊗n, for n ∈ Z,
all lift canonically to the same spin structure sY on Y and in the spin case the
Spinc-structures
scX ⊗ L
1
2
⊗n, for n ∈ Z,
also lift to the same spin structure sY . The construction of the isomorphism Q−q
shows that spinors from the associated spinor bundles onX lift to spinors in Γ(SY )
which can be distinguished by their eigenvalues under the Lie derivative LK .
Remark 5.6. The decomposition
ScX = S
c+
X ⊕ Sc−X
into positive and negative Weyl spinor bundles extends to all twisted spinor bundles
ScX ⊗ L⊗n (in the non-spin case) and ScX ⊗ L
1
2⊗n (in the spin case). Via Q−q we
get corresponding decompositions
V−q = V
+
−q ⊕ V −−q
of spinors in Γ(SY ).
Remark 5.7. We can choose the Hermitian bundle metrics on the spinor bundles
ScX ⊗L⊗n, ScX ⊗L
1
2⊗n and SY such that the bundle maps Π−q in Propositions 5.4
and 5.3 are isometries on each fibre. This choice is compatible with the relation
between Clifford multiplication given by Lemma 5.1. For spinors φ and ψ =
Q−q(φ), this implies
|ψ|2 = |φ|2 ◦ π.
6. DIRAC OPERATORS
Let (X4, gX) be a closed, oriented, Riemannian 4-manifold with Spin
c-structure
scX and Y → X the principal circle bundle given by Theorem 4.9.
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6.1. Clifford identities. We collect some identities involving Clifford multiplica-
tion. Let dvolgX denote the volume form of the oriented, Riemannian 4-manifold
(X, gX) and Ω
2
±(X,C) the self-dual and anti-self-dual 2-forms onX, satisfying
∗ω± = ±ω±, ∀ω± ∈ Ω2±(X),
where ∗ is the Hodge star operator.
Lemma 6.1. The following identities for Clifford multiplication γ hold:
(1) For ω± ∈ Ω2±(X,C) we have
dvolgX · ω± = ∓ω±
and
γ(ω±) ∈ End0(Sc±X ),
where End0(S
c±
X ) denotes the trace-free endomorphisms of S
c±
X . In par-
ticular,
γ(ω−) ≡ 0 on Sc+X .
(2) For φ± ∈ Sc±X we have
dvolgX · φ± = ∓φ±.
(3) For φ ∈ ScX and ψ = π∗φ ∈ SY we have
K · ψ = π∗(idvolgX · φ).
Proof. Identities (a) and (b) can be found references on Seiberg–Witten theory,
e.g. [27]. Identity (c) follows from Definition 5.1. 
This implies:
Proposition 6.2. Let φ ∈ Γ(Sc+X ) be a positive Weyl spinor, ψ = π∗φ and ω ∈
Ω2(X,C) with self-dual part ω+. Then
K · ψ = −iψ
K · π∗ω · ψ = −iπ∗(ω+ · φ).
We now discuss the relation between the Dirac operators onX and Y .
6.2. X is spin. We choose a Hermitian connection A on the square root L
1
2 . The
spinor bundle ScX ⊗ L
1
2⊗n has determinant line bundle L⊗(n+1). Let An be the
Hermitian connection on L⊗(n+1) induced from the connection A. Together with
gX this defines for all n ∈ Z the Dirac operator
DXAn : Γ(S
c±
X ⊗ L
1
2
⊗n) −→ Γ(Sc∓X ⊗ L
1
2
⊗n).
The connection A and Riemannian metric gX define the Kaluza–Klein metric gY
on Y , that yields the Dirac operator
DY : Γ(SY ) −→ Γ(SY ).
The curvature FA ∈ Ω2(X, iR) satisfies
π∗FA = dA.
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According to Proposition 5.3 there is an isometry
Q = Q−q : L
2(ScX ⊗ L
1
2
⊗n) −→ V−q ⊂ L2(SY ).
Lemma 6.3. The covariant derivatives on the spinor bundles ScX ⊗L
1
2
⊗n and SY
are related by:
∇YV ∗Q(φ) = Q(∇XAnV φ)−
1
4
iγ(K)γ(π∗(iV FA))Q(φ)
∇YKQ(φ) = LKQ(φ)−
1
4
iγ(π∗FA)Q(φ),
where V ∈ TX with horizontal lift V ∗ ∈ TY . This implies for the Dirac operator
DY the formula
DYQ(φ) = Q(DXAnφ) + γ(K)LKQ(φ) +
1
4
iγ(K)γ(π∗FA)Q(φ).
This is Lemma 4.3 and 4.4 in [3]. The claim for the Dirac operator follows from
the formula
4∑
l=1
γ(el)γ(ielFA) = 2γ(FA),
where {el}4l=1 is a local orthonormal frame on X.
Remark 6.4. The same formula for the covariant derivative on SY in the case of
q = 12 (in our case X non-spin) has been proved in [28, Proposition 3.2]. For the
calculations it is helpful to think of SY as the spinor bundle of a Spin
c-structure
with canonically trivialized characteristic line bundle π∗L⊗(n+1) = C and canoni-
cal flat connection A0 on C. The calculation of ∇Y then uses the formula for the
Spinc-covariant derivative.
The proofs in [3] and [28] show that the connection ∇XAn in the formula for
∇YV ∗Q(φ) results from the relation between A0 and An (cf. Remark 2.5) and the
curvature terms involving iV FA and FA result from O’Neill formulae [29] for
∇YV ∗e∗l and ∇YKe∗l for the Kaluza–Klein metric gY , where {e∗l }4l=1 is the horizon-
tally lifted frame.
Recall that spinors ψ ∈ V−q satisfy
LKψ = −qiψ.
This implies (for the second statement we use Proposition 6.2):
Proposition 6.5. Set q = n+ 1. The restriction
DY : V−q −→ V−q
is given by
DY = Q ◦DXAn ◦Q−1 − iγ(K)
(
q − 1
4
γ(π∗FA)
)
.
Using
FAn = 2qFA,
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the restriction
DY : V +−q −→ V−q
for all n 6= −1 is given by
DY = Q ◦
(
DXAn − q +
1
8q
γ(F+An)
)
◦Q−1.
6.3. X is non-spin. We choose a Hermitian connection A on the determinant line
bundle L. The spinor bundle ScX ⊗ L⊗n has determinant line bundle L⊗(2n+1).
Let An be the Hermitian connection on L
⊗(2n+1) induced from the connection A.
Together with gX this defines for all n ∈ Z the Dirac operator
DXAn : Γ(S
c±
X ⊗ L⊗n) −→ Γ(Sc∓X ⊗ L⊗n).
The connection A and Riemannian metric gX define the Kaluza–Klein metric gY
on Y , that yields the Dirac operator
DY : Γ(SY ) −→ Γ(SY ).
According to Proposition 5.4 there is an isometry
Q = Q−q : L
2(ScX ⊗ L⊗n) −→ V−q ⊂ L2(SY ).
Spinors ψ ∈ V−q satisfy
LKψ = −qiψ.
Lemma 6.3 again shows:
Proposition 6.6. Set q = n+ 12 . With FAn = 2qFA, the restriction
DY : V +−q −→ V−q
is given by
DY = Q ◦
(
DXAn − q +
1
8q
γ(F+An)
)
◦Q−1.
6.4. Formula for DY for bothX spin and non-spin.
Corollary 6.7. We combine the formulae in Propositions 6.6 and 6.5 by setting in
both cases m = −q 6= 0. Then the Dirac operator
DY : V +−q −→ V−q
is given by
DY = Q ◦
(
DXAn +m−
1
8m
γ(F+An)
)
◦Q−1.
Remark 6.8. The reason for introducingm follows from Corollary 7.8 and Remark
7.9.
Remark 6.9. The Dirac operator DXAn maps positive spinors to negative spinors,
whereas the constant term m · Id and γ(F+An) map positive spinors to positive
spinors. This means that the Dirac operator DY in general maps the lift of a pos-
itive spinor to the lift of a mixed spinor (Clifford multiplication with horizontal
vectors in TY interchanges lifts of positive and negative Weyl spinors, but the
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Clifford action of the vertical vector K , which acts as the volume form dvolgX on
X, preserves the type of Weyl spinors). An equation of the form
DY ψ1 = ψ2,
where both ψ1 and ψ2 are lifts of positive spinors φ1 and φ2, therefore implies via
the isomorphism Q two equations:
DXAnφ1 = 0(
m− 1
8m
γ(F+An)
)
φ1 = φ2.
7. LIFT OF THE SEIBERG–WITTEN EQUATIONS
7.1. The Seiberg–Witten equations. Let (X4, gX) be a closed, oriented, Rie-
mannian 4-manifold with a Spinc-structure scX and determinant line bundle L. We
consider in this subsection a spinor φ ∈ Γ(Sc+X ) and a Hermitian connection A on
L. The Seiberg–Witten equations [35] for (A,φ) are
DXA φ = 0
F+A = σ(φ, φ).
We follow the notation in [24]. Here σ(φ, φ) is the self-dual 2-form in Ω2+(X, iR)
which under the fibrewise isomorphism
γ : Ω2+(X,C) −→ End0(Sc+X ) (7.1)
corresponds to the trace-free endomorphism
γ(σ(φ, φ)) = (φ⊗ φ†)0 = φ⊗ φ† − 1
2
Tr(φ⊗ φ†)Id.
Using an explicit representation of the spinor space ∆4 as a module over the Clif-
ford algebra Cl(4) it can be shown [27] that γ maps the real forms Ω2+(X,R)
isomorphically onto the skew-Hermitian trace-free endomorphisms of S+cX . The
imaginary valued forms Ω2+(X, iR) thus map isomorphically onto the Hermitian
trace-free endomorphisms of S+cX . Hence σ(φ, φ) is indeed a form in Ω
2
+(X, iR).
We also get:
Lemma 7.1. Let p ∈ X, τp ∈ iΛ2+T ∗pX and φp ∈ Sc+Xp. Then the following holds:
γ(τp)φp = 0⇔ τp = 0 or φp = 0.
Proof. This follows from the formula
γ(τp)γ(τp)φp = 2|τp|2φp,
that holds for all τp, φp as in the statement of the lemma. 
Lemma 7.2. For φ ∈ Γ(Sc+X ) we have
γ(σ(φ, φ))φ = 12 |φ|2φ.
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Proof. With respect to a local orthonormal frame for Sc+X we can write (see [24])
φ =
(
α
β
)
∈ C2, γ(σ(φ, φ)) =
(
1
2(|α|2 − |β|2) αβ¯
α¯β 12(|β|2 − |α|2)
)
,
hence the action of σ(φ, φ) on φ is given by
γ(σ(φ, φ))φ =
(
1
2(|α|2 − |β|2) αβ¯
α¯β 12(|β|2 − |α|2)
)(
α
β
)
= 12(|α|2 + |β|2)
(
α
β
)
.

One often considers the more general Seiberg–Witten equations
DXA φ = 0
F+A = σ(φ, φ) + µ,
where µ ∈ Ω2+(X, iR) is an arbitrary perturbation.
Proposition 7.3. If (A,φ) satisfy
F+A = σ(φ, φ) + µ, (7.2)
then
γ(F+A )φ =
(
1
2 |φ|2 + γ(µ)
)
φ. (7.3)
Conversely suppose that (A,φ) satisfy equation (7.3) and
DXA φ = 0.
If φ does not vanish identically onX, then (A,φ) satisfy equation (7.2).
Proof. The first claim is immediate by Lemma 7.2. For the converse, equation
(7.3) implies
γ(F+A − σ(φ, φ) − µ)φ = 0.
Lemma 7.1 implies that equation (7.2) holds in all points p ∈ X where φp is non-
zero. Suppose that F+A − σ(φ, φ) − µ is non-zero in some point p ∈ X. Then
by continuity it is non-zero also in a small open neighbourhood U of p. Hence φ
has to vanish on U . Since by assumption φ does not vanish identically on X and
DXA φ = 0, this contradicts a theorem in [6] that the zero set of a harmonic spinor
φ of a generalized Dirac operator is a countably 2-rectifiable set in X and thus
has Hausdorff dimension at most 2. Therefore equation (7.2) holds in all points of
X. 
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7.2. Main theorem. We can now state our main theorem. We first summarize the
constructions in previous sections in the following definition.
Definition 7.4. Let (X4, gX) be a closed, oriented, Riemannian 4-manifold and
scX a Spin
c-structure onX with determinant line bundle L. We make the following
definitions depending on whether X is non-spin or spin:
(1) The principal circle bundle π : Y → X with Euler class e and a Hermitian
connection A given by Table 1 (ifX is spin, L
1
2 is determined by the choice
of a spin structure sX).
X Euler class e of Y connection A on
non-spin c1(L) L
spin c1(L
1
2 ) L
1
2
TABLE 1. Circle bundle π : Y → X
(2) The Kaluza–Klein metric
gY = π
∗gX −A⊗A
on Y .
(3) The Spinc-structures scXn onX given by Table 2, which all lift to the same
spin structure sY on Y , and the corresponding spinor bundles S
c
Xn and SY .
X charge q Spinc-structure scXn det. line bundle Ln n
non-spin n+ 12 s
c
X ⊗ L⊗n L⊗(2n+1) = L⊗2q n ∈ Z
spin n+ 1 scX ⊗ L
1
2
⊗n L⊗(n+1) = L⊗q n ∈ Z \ {−1}
TABLE 2. Spinc-structures onX
(4) For a positive Weyl spinor φ ∈ Γ(Sc+Xn) the lift ψ = Q(φ) ∈ Γ(SY ).
(5) The Hermitian connection An on the complex line bundle Ln determined
by A.
(6) Setm = −q.
Theorem 7.5. Let (X4, gX) be a closed, oriented, Riemannian 4-manifold and s
c
X
a Spinc-structure on X with determinant line bundle L. With the notations from
Definition 7.4 let π : Y → X be the principal circle bundle with Euler class e,
φ ∈ Γ(Sc+Xn) a positive Weyl spinor with lift ψ = Q(φ) ∈ Γ(SY ) and An the
Hermitian connection on Ln determined by a Hermitian connection A. If (An, φ)
satisfy the Seiberg–Witten equations
DXAnφ = 0
F+An = σ(φ, φ) + µ
(7.4)
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with perturbation µ ∈ Ω2+(X, iR), then ψ satisfies
DY ψ = − 1
16m
|ψ|2ψ +mψ − 1
8m
γ(π∗µ)ψ. (7.5)
Conversely, if this equation holds and ψ does not vanish identically on Y , then
(An, φ) satisfy the Seiberg–Witten equations.
Proof. The proof follows from Theorem 4.9, Propositions 5.3 and 5.4, Remark 5.7,
Corollary 6.7, Remark 6.9 and Proposition 7.3. 
Remark 7.6. Theorem 1.1 is the special case of Theorem 7.5 for n = 1 and µ = 0.
Remark 7.7. IfX is spin, we exclude n = −1which corresponds to the case where
ScX ⊗L−
1
2 = SX is the spinor bundle of the spin structure with trivial determinant
line bundle and A−1 is the trivial connection, independent of A. In this situation
the curvature FA cannot be recovered from the curvature FA−1 = 0. Theorem 7.5
remains valid in the case that X is spin and ScX = SX if L
1
2 is the trivial complex
line bundle, Y = X × S1 and A an arbitrary Hermitian connection on L 12 .
7.3. Kaluza–Klein metrics with varying length of circle fibres. The Kaluza–
Klein metric can be generalized as follows: Let r : X → R be a smooth positive
function on X and rˆ = r ◦ π. Then
gY = π
∗gX − rˆ2A⊗A
is again a Riemannian metric on Y . The only difference to the original metric is
that
gY (K,K) = rˆ
2,
i.e. the circle fibres over a point x ∈ X have length 2πr(x). In the physics literature
r is written as r = eϕ and the scalar field ϕ : X → R is sometimes called the
dilaton.
The vector field 1
rˆ
K has unit length, hence the relation in Lemma 5.1 between
Clifford multiplication on the spinor bundles is given by
V ∗ · π∗φ = π∗(V · φ)
1
rˆ
K · π∗φ = π∗(idvolgX · φ),
under the identification
π∗ : Γ(ScX) −→ Γ(SY )
φ 7−→ π∗φ.
The formulae in Proposition 6.2 change accordingly to
1
rˆ
K · ψ = −iψ
1
rˆ
K · π∗ω · ψ = −iπ∗(ω+ · φ).
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The formula in Corollary 6.7 for the Dirac operator DY then becomes (see [3] for
the case of constant r and [2] for the general case)
DY = Q ◦DXAn ◦Q−1 − iγ
(
1
rˆ
K
) (
1
rˆ
q − 14 rˆγ(π∗FA)
)
= Q ◦
(
DXAn −
1
rˆ
q +
1
8q
rˆγ(F+An)
)
◦Q−1,
with q as before. We then get:
Corollary 7.8. Consider the Kaluza–Klein metric
gY = π
∗gX − rˆ2A⊗A
with a smooth positive function r : X → R and rˆ = r ◦ π. Define a function
mr : Y → R bymr = − qrˆ , where
• q = n+ 12 (if X is non-spin), and• q = n+ 1 (if X is spin)
is defined as before. Then mr is nowhere zero on X (since q 6= 0) and the state-
ments in Theorem 7.5 and equation (7.5) hold withm = mr:
DY ψ = − 1
16m
|ψ|2ψ +mψ − 1
8m
γ(π∗µ)ψ. (7.6)
Remark 7.9. Suppose that µ = 0 and the circle radius r is constant. Then equation
(7.6)
DY ψ = − 1
16m
|ψ|2ψ +mψ
is the field equation of a 5-dimensional Gross–Neveu model [18] (in Euclidean
signature) with massm and coupling constant g2 = 116m , given by the Lagrangian
L[ψ] = 〈ψ,DY ψ〉 −m|ψ|2 + 1
32m
|ψ|4, (7.7)
where 〈· , ·〉 is the Hermitian bundle metric on SY . Note that m < 0 and g2 < 0
if q > 0. (The spinor φ on X has charge q and mass zero and the spinor ψ on Y
has mass m = − q
r
and charge zero. If r ≪ |q|, then the absolute value |m| of the
mass of ψ is large and if r ≫ |q|, then |m| is small. The interaction described by
the term 132m |ψ|4 behaves in the opposite way.)
Remark 7.10. Suppose that r > 0 is constant and
gY = π
∗gX − r2A⊗A
the Kaluza–Klein metric. Then the circle fibres of π : Y → X are totally geodesic.
For the curvature 2-form FA ∈ Ω2(X, iR) and vectors V,W ∈ TpX define
gX(iV FA, iWFA) =
4∑
j=1
1
i
FA(V, ej)
1
i
FA(W, ej)
|FA|2 =
∑
i<j
(1
i
FA(ei, ej))
2 =
1
2
4∑
i=1
gX(ieiFA, ieiFA),
where {ei}4i=1 is an orthonormal frame in TpX.
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The Ricci curvature of gY then satisfies (see [7, Chapter 9])
RicgY (
1
r
K, 1
r
K) =
1
2
r2|FA|2
RicgY (V
∗,W ∗) = RicgX (V,W )−
1
2
r2gX(iV FA, iWFA), ∀V,W ∈ TX.
If FA is coclosed and thus harmonic, we have in addition
RicgY (
1
r
K,V ∗) = 0 ∀V ∈ TX.
8. CHARGE CONJUGATION
Charge conjugation is an involution on the set of Spinc-structures on X
scX 7−→ s¯cX
that acts on the determinant line bundles as
L 7−→ L¯ = L−1.
There is an induced complex anti-linear bundle automorphism
Sc±X −→ S¯c±X
φ 7−→ φ¯
and a complex anti-linear isomorphism on the space of sections
Γ(Sc±X ) −→ Γ(S¯c±X ).
Clifford multiplication with a real tangent vector V ∈ TX is related by
V · φ¯ = (V · φ), iV · φ¯ = −(iV · φ).
We also get a mapping between Hermitian connections on L and L−1
A 7−→ A¯
with
FA = −FA¯ ∈ Ω2(X, iR).
The Seiberg–Witten equations are invariant under charge conjugation, i.e. if (A,φ)
is a solution to the Seiberg–Witten equations for a Spinc-structure scX with param-
eters (gX , µ), then (A¯, φ¯) is a solution to the Seiberg–Witten equations for s¯
c
X with
parameters (gX , µ¯), where
µ¯ = −µ.
In the situation of Theorem 7.5 let Y¯ → X be the principal circle bundle with
Euler class e¯ = −e. Then Y¯ is diffeomorphic to Y , but the S1-action is reversed:
Y × S1 −→ Y
(y, eit) 7−→ ye−it.
This implies for the vector field generating the S1-action
K¯ = −K. (8.1)
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The connection A¯, considered as a 1-form A¯ ∈ Ω1(Y, iR), is given by
A¯ = −A.
In particular, A¯ defines the same Kaluza–Klein metric gY on Y as A.
The Spinc-structure s¯cX lifts to a spin structure sY¯ on Y with spinor bundle SY¯ .
We can identify
SY¯ = π
∗S¯cX .
For a spinor φ ∈ Γ(ScX) let
ψ = π∗φ ∈ Γ(SY )
ψ¯ = π∗φ¯ ∈ Γ(SY¯ )
be the lifts. Then Lemma 5.1 and equation (8.1) show that
W · ψ¯ =W · ψ ∀W ∈ TY.
Hence there is complex anti-linear isomorphism of Clifford modules
SY −→ SY¯
ψ 7−→ ψ¯.
The Kaluza–Klein metric gY¯ = gY on Y yields a Dirac operator
DY¯ : Γ(SY¯ ) −→ Γ(SY¯ ).
The Spinc-structures
s¯cX ⊗ L⊗(−n), for n ∈ Z (if X is non-spin),
and
s¯cX ⊗ L
1
2
⊗(−n), for n ∈ Z \ {−1} (if X is spin),
all lift to the same spin structure sY¯ on Y with spinor bundle SY¯ . Define
q¯ = −q, m¯ = −m.
Corollary 8.1. Consider the spinor bundles SY and SY¯ on Y . In the situation of
Theorem 7.5 let (An, φ) be a solution to the Seiberg–Witten equations and ψ =
Q(φ) ∈ Γ(SY ) the associated solution of
DY ψ = − 1
16m
|ψ|2ψ +mψ − 1
8m
γ(π∗µ)ψ.
Then ψ¯ = Q(φ¯) ∈ Γ(SY¯ ) is a solution of
DY¯ ψ¯ = − 1
16m¯
|ψ¯|2ψ¯ + m¯ψ¯ − 1
8m
γ(π∗µ¯)ψ¯.
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9. KA¨HLER–EINSTEIN 4-MANIFOLDS AND EIGENSPINORS ON SASAKI
5-MANIFOLDS
Spinors ψ = Q(φ) of constant length are an interesting case of equation (7.6)
(e.g. for perturbation µ = 0):
|ψ|2 ≡ a2, with a > 0
DY ψ =
(
− 1
16m
a2 +m
)
ψ.
Hence ψ is an eigenspinor of DY .
Remark 9.1. In the special case that a = 4|m|, the spinor ψ is harmonic,DY ψ = 0.
The points x = ±4|m| are the non-zero extrema of the potential
V (x) = −mx2 + 1
32m
x4
appearing in the Gross–Neveu Lagrangian (7.7) (which are minima form > 0 and
maxima form < 0).
Suppose that φ ∈ Γ(Sc+X ) is an arbitrary spinor and ψ = Q(φ). Then |ψ| ≡ a
is equivalent to |φ| ≡ a. Positive Weyl spinors φ of constant length are related
to almost complex structures on X: Suppose that J is a gX -compatible almost
complex structure on X, so that
gX(JV, JW ) = gX(V,W ) ∀V,W ∈ TX.
Then there exists a canonical Spinc-structure scXcan on X with spinor bundles
Sc+Xcan = Λ
0,0 ⊕ Λ0,2
Sc−Xcan = Λ
0,1.
We can write Sc+Xcan = C ⊕ K−1, where the canonical and anti-canonical line
bundles are
K = Λ2,0, K−1 = Λ0,2.
The determinant line bundle of scXcan is
L = K−1.
The spinor φ = (1, 0) ∈ Sc+Xcan has constant length |φ| ≡ 1. Conversely, every
Spinc-structure scX with a positive spinor φ of constant length 1 arises in this way
for a gX -orthogonal almost complex structure J (see [25], [17]).
Lemma 9.2. Let J be a gX -compatible almost complex structure onX. The Spin
c-
structures scXcan and s
c
Xcan ⊗K have positive Weyl spinor bundles
Sc+Xcan = C⊕K−1
Sc+Xcan ⊗K = K ⊕ C
with determinant line bundles K−1 and K , respectively. The Spinc-structure
scXcan ⊗K is the charge conjugate of scXcan,
ScXcan ⊗K = S¯cXcan.
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We consider the particular case [35], [12], [27] where (X,J, ω, gX ) is a Ka¨hler
surface with integrable complex structure J , Ka¨hler form ω and compatible Rie-
mannian metric gX . The Levi–Civita connection of gX defines Hermitian connec-
tions Acan on K and A
−1
can on K
−1.
Lemma 9.3. Let (X,J, ω, gX ) be a Ka¨hler–Einstein surface with Einstein constant
λ, i.e.
RicgX = λgX .
We consider the Seiberg–Witten equations
DXA φ = 0
F+A = σ(φ, φ) + itω
(9.1)
with perturbation µ = itω, where t ∈ R.
(1) For the Spinc-structure scXcan, the connection A0 = A
−1
can on K
−1 and the
spinor
φ0 = (2
√
−λ− t, 0) ∈ Γ(C⊕K−1)
are a solution to the perturbed Seiberg–Witten equations (9.1) for all t <
−λ. We have
γ(µ)φ0 = 2tφ0.
(2) For the Spinc-structure scXcan ⊗K , the connection A0 = Acan on K and
the spinor
φ0 = (0, 2
√
−λ+ t) ∈ Γ(K ⊕ C)
are a solution to the perturbed Seiberg–Witten equations (9.1) for all t >
λ. We have
γ(µ)φ0 = −2tφ0.
Proof. We first consider the case with Spinc-structure scXcan. For a general Ka¨hler
surface, the Dirac operator on Γ(Sc+Xcan) associated to the connection A0 = A
−1
can
onK−1 is
DXA0(α, β) =
√
2(∂¯α+ ∂¯∗β) ∀(α, β) ∈ Γ(C⊕K−1).
For a spinor φ = (α, 0) we have
γ(σ(φ, φ)) =
1
2
|α|2
(
1 0
0 −1
)
.
The symplectic form ω ∈ Ω2+(X) acts as
γ(iω) = 2
(
1 0
0 −1
)
.
If (X,J, ω, gX ) is Ka¨hler–Einstein with Einstein constant λ, then iFA0 = iF
+
A0
=
λω for the connection A0 = A
−1
can on K
−1 and
γ(F+A0) = −2λ
(
1 0
0 −1
)
.
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If α ∈ R is a constant, the first equation in (9.1) is satisfied and the second equation
reduces to
−2λ = 1
2
α2 + 2t.
This implies the claim in the first case.
For Spinc-structure scXcan ⊗K and spinor φ = (0, α) we have
γ(σ(φ, φ)) =
1
2
|α|2
( −1 0
0 1
)
γ(iω) = 2
(
1 0
0 −1
)
γ(F+A0) = 2λ
(
1 0
0 −1
)
,
where iFA0 = iF
+
A0
= −λω for the connection A0 = Acan on K . If α ∈ R is a
constant, the first equation in (9.1) is satisfied and the second equation reduces to
2λ = −1
2
α2 + 2t.
This implies the claim in the second case. 
Lemma 9.4. Suppose that (X,J, ω, gX ) is a Ka¨hler–Einstein surface with Einstein
constant λ 6= 0. Let π : Y → X be the principal circle bundle with Euler class
e, constant radius r and connection A chosen as in Table 3. Define a 1-form
X Euler class e of Y radius r A
non-spin c1(K
−1) 2|λ| A
−1
can
spin c1(K
− 12 ) 4|λ|
1
2A
−1
can
TABLE 3. Circle bundle π : Y → X
η ∈ Ω1(Y ) and vertical vector field ξ ∈ X(Y ) by
η =
2
λ
iA−1can
η(ξ) ≡ 1
and let gY be the Kaluza–Klein metric on Y . Then
gY = π
∗gX + η ⊗ η
dη = 2π∗ω
RicgY = (λ− 2)gY + (6− λ)η ⊗ η
scalgY = 4(λ− 1),
hence (η, ξ, π∗J, gY ) is a Sasaki η-Einstein structure on Y with contact form η and
Reeb vector field ξ.
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Proof. See [10], [16] for the definition of Sasaki η-Einstein structures. Note that
in both the non-spin and spin case
η = ±irA,
depending on whether the sign of λ is ±. The formula for the Ricci curvature
follows from Remark 7.10, because ω is harmonic,
ω(V,W ) = gX(JV,W ) ∀V,W ∈ TX
|ω|2 = 2,
hence for A = A−1can
|FA|2 = 2λ2
gX(iV FA, iWFA) = λ
2gX(V,W ).

Remark 9.5. Suppose that the Einstein constant λ is positive and gX normalized
such that λ = 6. Then gY is a Sasaki–Einstein metric with
RicgY = 4gY .
Theorem 9.6. Suppose that (X,J, ω, gX ) is a Ka¨hler–Einstein surface with Ein-
stein constant λ 6= 0. Consider the principal circle bundle π : Y → X with
Sasaki η-Einstein structure given by Lemma 9.4 and the Spinc-structures scXcan
and scXcan ⊗ K on X together with the solutions (A0, φ0) of the Seiberg–Witten
equations with perturbation itω (for a suitable t ∈ R), given by Lemma 9.3.
Let sY be the lifted spin structure. For the Spin
c-structure scXcan we have m =
−14 |λ| and the lifted spinor ψ = Q(φ0) ∈ Γ(SY ) satisfies
|ψ|2 ≡ 4(−λ− t)
DY ψ =
{(
1− 14 |λ|
)
ψ if λ < 0(−1− 14λ)ψ if λ > 0
For the Spinc-structure scXcan ⊗ K we have m = 14 |λ| and the lifted spinor ψ =
Q(φ0) ∈ Γ(SY ) satisfies
|ψ|2 ≡ 4(−λ+ t)
DY ψ =
{(−1 + 14 |λ|)ψ if λ < 0(
1 + 14λ
)
ψ if λ > 0
If λ < 0 and gX normalized such that λ = −4, both lifted spinors ψ are harmonic.
Remark 9.7. Suppose that λ > 1. Then the scalar curvature
scalgY = 4(λ− 1)
of (Y, gY ) is positive and the lifted spinors ψ ∈ Γ(SY ) are eigenspinors of the
Dirac operator DY with eigenvalue
ν± = ±
(
1 +
1
4
λ
)
.
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According to a theorem of Friedrich [13] the eigenvalues ν± have to satisfy
ν2± ≥
dimY
4(dim Y − 1)scalgY
i.e. (
1 +
1
4
λ
)2
− 5
4
(λ− 1) ≥ 0.
This inequality holds, because(
1 +
1
4
λ
)2
− 5
4
(λ− 1) = 1
16
(λ− 6)2.
Equality holds if and only if λ = 6, i.e. (Y, gY ) is a Sasaki–Einstein manifold by
Remark 9.5. In this case the eigenvalues are ν± = ±52 and ψ are Killing spinors,
∇YV ψ = ∓
1
2
V · ψ ∀V ∈ TY.
The existence of two linearly independent Killing spinors with Killing constant ∓12
on Sasaki–Einstein manifolds is well-known [15], [5].
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